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Abstract 

A general master equation for eigenstates of Janus Faced commutation relations is 
constructed. 

1 Introduction 

In the paper [1] it is shown that coherent states occur in pairs. The commutation relations 
Q ] = 1 permits two eigenstates, one for J 7 and the other for Q. Given Q\v)i = then 
the eigenstate for Q is defined as \g)i = exp[gP]\v)i with corresponding eigenvalue g and the 
eigenstate of J 7 is defined as F\f)i = f\f)i with eigenvalue /. It was further shown that the 
Caves-Schumaker state and pair coherent state is one such pair, similarly Yuen and Cat states 
form another pair. That the Caves-Schumaker state and pair coherent state can be realized 
as short term and steady state solutions of master equation was shown in the seminal paper 
on pair coherent states by G.S. Agarwal [2]. In this short note we propose a general master 
equation whose short term and steady state solutions are the eigenstates of T and Q\ A general 
master equation in terms of Janus Faced pair which is given by 

-|p = -tG (Tp - P F + Pp - P P) + ~ (2FpP - PFp - pPT) . (1) 

To solve this equation we use thermo field dynamics (TFD) [3] , a detailed description of TFD 
is given below, In TFD, the averages of operators with respect to p reduces to a scalar product. 

{A)=TrAp={p 1 ~ a \A\p a ). (2) 
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where \p a ), l/2<a<lisa state vector in the extended Hilbert space H tg> %* is given by 

\p a )=P a \I), (3) 

here p a = p a <S> 7, and |7) is 



|/) = E w w = E w ® \ N ) = E w 



(4) 



in terms of a complete orthonormal set \N) in %. It has been used by S. Chaturvedi and 
V. Srinivasan in ref [31 H] for systems with dissipative dynamics in a Kerr medium. In this 
representation, for any hermitian operator A, one has 



(A)=Tr{Ap) = {A\p). 



(5) 



By choosing the number state |n) for \N) and introducing the creation and annihilation oper- 
ators a', a', a, and a as follows 



a|n, m) 
a\n, m) 



s/n\n — 1, m), a^|n, m) = yn + i\n + 1, m), 
/ m|n, m — 1), cr |n, m) = \/m + l|n, m + 1). 



(6) 
(7) 



The operators a and a) commute with a and a) . The number states is given |7) in eq(|4]) and it 
follows that 

a\I) = at\I), a f |7> = a\I). (8) 
By applying |7) from the right to the master equation flTJ and using eq (jSJ), one gets 



where 



-z77 



||p(t)> = -iH\p) 



-iG [ 7 - P + P - T\ + | f 2JT - 77^ _ jrtjr 



(9) 



(10) 



Thus, in TFD the problem of solving master equation is reduced to solving a Schroedinger 
equation. Taking the initial state |p(0)), the short term solution is 



|p(*)> 



exp 



-iGt[F + P -{P + p) |p(0)). 



(11) 



Here the J 7 and P satisfy SU(1, 1) commutation relations, similarly for J 7 , thus using disen- 
tanglement theorem one gets 



\p(t)) oc exp [—TiP~\ exp 



10) 



(12) 
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which is an eigenstate of Q and Q with the eigenvalues T 1 and T 2 , which contains Gt, respectively. 
By rewriting eqf lTUj) . one gets 
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(J" - P)(-iG + 1?) -{f- P)(iG + \p). 



Thus, the steady state solution is given by 



•^p) = —t\p) 



r\p) 



K 

2iG 



\p) 



(13) 

(14) 
(15) 



If T = ab and J 7 = ab, then the short term solution is the Caves-Schumaker state from 
eqtfll]) 



\p) 



exp 



-iGt(ab + aW - (tfft + 56)) |p(0)). 



and the steady state is the pair coherent state from eq (fli|) and ffToT) given by 

2iG, 



ab\p) 
ab\p) = 



K 

2iG 

K 



■\P), 
\P)- 



If T = a 2 , and J 7 = a 2 , then the short term is the Yuen state from eqffTT 

\p) = exp[-iGt(a 2 + -(ti 2 + a 2 ))] \p(0)). 
and steady state is the Cat state from eq (|T4j) and (fl5l) given by 



a 2 \p) = 



2iG 

K 

2iG 

K 



\P), 
\P)- 



(16) 

(17) 
(18) 

(19) 

(20) 
(21) 



The master equation ([!]) also generates the two boson creation and annihilation operators [6] 
for which T = a + f5a) 2 and J- = a + f3a) 2 with the canonical conjugates Q\ - 



i 



2 H a + 1 



and Q\ = ^" -^2, here n a 



2 n +l' 



it a and n a = a) a, satisfies [J 7 , 0] = 1 



2 n a +2' ^0 

and [F,Qj] = 1. 

Since the J 7 and J 7 ^ commutes, similarly for J 7 , thus, by using disentanglement theorem 
the short term solution is given from eq lTTT]) and the steady state is given from eq (|14|) and ffT5] 

are 

2iG, , 
— IP) 



(a + /3a t2 )|p) 
+ f3~a ]2 )\p) 



2iG. , 
\p). 



K 



(22) 
(23) 



Another two boson creation and annihilation operators [5], for which J 7 = ah + f3a)W and 
p = ab + 0ti with the canonical conjugates £j = Q\ = ^f^i^ = ^^TT 

and = ^y-^pj, here n a = a^a, n b = tfb, h a = a) a and h h = tfb, satisfies [J 7 , Q\\ = 1 and 
[J 7 , Qj] = 1. Again here the J 7 and J-^ commutes, similarly for P, thus, the short term solution 
is given from eq fTTT]) and the steady state is given from eq (!14p and (I15p are 

{ab + Paty)\p) = —\p) t (24) 
(ab + /3aW)\p) = -—\p). (25) 

K 

To conclude we have constructed a general master equation for Janus Faced commutation 
relations [J 7 , Q^} = 1 and shown that the eigenstate Q occurs as a short term solution and the 
eigenstate T occurs as a steady state solution. We have also shown that the master equation 
works for all the Janus Faced coherent state operators. 
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